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Abstract: In this paper we show some additional results on the covariant function intro-
duced by Ochiai and Yoshida [OY]. They studied the covarinat functions induced from the Gauss
hypergeometric differential equations with Dihedral, Tetrahedral, Octahedral and Icosahedral
monodromy groups. First, we obtained recurrent relations among the coefficients of the polyno-
mial G(z) that determines the covariant functions w(z) for above four cases. In Dihedral case,
our result contains the conditional formula obtained by Ochiai and Yoshida. Next, we give some
examples of Julia sets for covariant functons w(z) of lower degree.
1. The covariant functions of Ochiai-Yoshida
In this section we summarize the result of Ochiai-Yoshida [OY].
1.1. The hypergeometric equations with finite monodromy groups
Let E(a, b, c) be the hypergeometric differential equation
x(1− x)u′′ + (c− (a+ b+ 1)x)u′ − abu = 0,
where a, b and c are parameters. Its Schwarz map is defined by
s : X = C− {0, 1} 3 x 7−→ z = u1(x) : u2(x) ∈ Z = P1 := C ∪ {∞},
where u1 and u2 are two linearly independent solutions of E(a, b, c). The local exponents of the
equation E(a, b, c) at 0, 1 and ∞ are given as {0, 1 − c}, {0, c − a − b} and {a, b}, respectively.
Denote the differences of the local exponents, i.e. the arguler parameter at 0, 1 and ∞, by
µ0 = 1− c, µ1 = c− a− b, µ∞ = b− a,
respectively.
Let us assume that the parameters a, b and c are rational numbers such that
k0 :=
1
µ0
, k1 :=
1
µ1
, k∞ :=
1
µ∞
are integers, and the triple (k0, k1, k∞) is one of
(2, 2, n), (n = 1, 2, . . .), (2, 3, 3), (3, 2, 4), (3, 2, 5),
in which case, the projective monodromy group is of finite order N :
N = 2n, 12, 24, 60,
respectively. This assertion is the condition that the inverse maps of Schwarz maps with the
finite monodromy groups are the single-valued maps.
Let f0(z), f1(z) and f∞(z) be the monic polynomials in z with simple zeros exactly at the
images s(0), s(1) and s(∞), respectively. If ∞ ∈ Z is not in these images, then the degrees of
these polynomials are N/k0, N/k1 and N/k∞, respectively; if for instance ∞ ∈ s(0), then the
degree of f0 is N/k0 − 1. The inverse map
s−1 : Z 3 z 7−→ x ∈ X¯ ∼= P1
is singled valued, and is given by
x = A0
f0(z)k0
f∞(z)k∞
, (1)
where A0 is a constant. Note that we also have
1− x = A1 f1(z)
k1
f∞(z)k∞
,
dx
dz
= A
f0(z)k0−1f1(z)k1−1
f∞(z)k∞+1
,
for some constants A1 and A.
Now we determine the Schwarz map exactly as the following. Put
F1∞(a, b, c;x) = −epi
√−1(−c+b−a)Γ(b)Γ(c− b)
Γ(c)
F (a, b, c;x),
F0z(a, b, c;x) =
Γ(a− c+ 1)Γ(1− a)
Γ(2− c) x
1−cF (a− c+ 1, b− c+ 1, 2− c;x),
F∞0(a, b, c;x) = epi
√−1(a−c)Γ(b)Γ(a− c+ 1)
Γ(a+ b− c+ 1) F (a, b, a+ b− c+ 1; 1− x),
F1x(a, b, c;x) = −e−pi
√−1aΓ(c− b)Γ(1− a)
Γ(c− a− b+ 1) (1− x)
c−a−bF (c− a, c− b, c− a− b+ 1; 1− x),
F01(a, b, c;x) =
Γ(a− c+ 1)Γ(c− b)
Γ(a− b+ 1) x
−aF (a, a− c+ 1, a− b+ 1; 1
x
),
Fx∞(a, b, c;x) = −epi
√−1(−c+b−a)Γ(b)Γ(1− a)
Γ(b− a+ 1) x
−bF (b, b− c+ 1, b− a+ 1; 1
x
).
There are three pairs (F1∞, F0x), (F∞0, F1x) and (F01, Fx∞) which are the solution pairs of the
equation E(a, b, c) in the neighborhood of 0, 1 and ∞, respectively. We have the following
connection fomula ([IKSY] and [STW])
(F1∞ F0x )
(
e2pi
√−1(c−b) e2pi
√−1a
1 1
)
= (F∞0 F1x )
(−e2pi√−1(c−a) −1
1 e−2pi
√−1c
)
,
(F1∞ F0x )
(
1 −e2pi
√−1(c−b)
−1 e2pi
√−1(c−a)
)
= (F01 Fx∞ )
(−1 1
1 −e−2pi
√−1c
)
.
Then we determine u1 and u2 in the neighborhood of∞ for Dihedral, Octahedral and Icosahedral
cases, and in the neighborhood of 0 for Tetrahedral case as the following;
Dihedral case:
u1 = c1F01(a, b, c;x) and u2 = c2Fx∞(a, b, c;x),
where c1 = 1/F01(a, b, c; 1) and c2 = 1/Fx∞(a, b, c; 1) are the complex constants
2
1
n Γ
(
1− 1n
)
Γ
(
1
2 − 12n
)2 and − 21− 1n
√−1 e−pi
√−1
n Γ
(
1
n
)
Γ
(
1
2n
)2 ,
respectively.
Tetrahedral case:
u1 = c1F1∞(a, b, c;x) and u2 = c2F0x(a, b, c;x),
where c1 =
√
2/F1∞(a, b, c; 1) and c2 =
(√
3− 1) /F0x(a, b, c; 1) are the complex constants
−
√
2 e
1
6
pi
√−1 Γ
(
7
12
)
Γ
(
1
4
)
Γ
(
1
3
) and (√3− 1)Γ (34)
Γ
(
1
3
)
Γ
(
5
12
) ,
respectively.
Octahedral case:
u1 = c1F01(a, b, c;x) and u2 = c2Fx∞(a, b, c;x),
where c1 = 1/F01(a, b, c; 1) and c2 =
√−1 (√2− 1) /Fx∞(a, b, c; 1) are the complex constants
Γ
(
19
24
)
√
pi Γ
(
8
24
) and − (√2− 1) √−1 e 1112pi√−1 Γ (1724)√
pi Γ
(
5
24
) ,
respectively.
Icosahedral:
u1 = c1F01(a, b, c;x) and u2 = c2Fx∞(a, b, c;x),
where c1 = 1/F01(a, b, c; 1) and c2 =
(
5
√
−261−125√5+15
√
650+290
√
5
2
)
/Fx∞(a, b, c; 1) are the com-
plex constants
Γ
(
49
60
)
√
pi Γ
(
19
60
) and − 5
√
−261−125√5+15
√
650+290
√
5
2 e
7
15
pi
√−1 Γ
(
41
60
)
√
pi Γ
(
11
60
) ,
respectively.
If we need u1 and u2 in the neighborhood of 0 and 1 for Dihedral, Octahedral and Icosahe-
dral cases (or in the neighborhood of 1 and ∞ for Tetrahedral case), then we can use the above
connection formulas. Hence we obtain A0, A1, A, f0, f1 and f∞ as the following.
Table 1 [OY, Table]
Dihedral: (k0, k1, k∞) = (2, 2, n), (a, b, c) = (− 12n , 12n , 12) and N = 2n.
A0 =
1
4
, A1 = −14 , A =
n
4
,
f0 = zn + 1, f1 = zn − 1, f∞ = z.
f∞ is of degree 1 = 2n/n− 1, since ∞ ∈ s(∞), that is x(∞) =∞.
Tetrahedral: (k0, k1, k∞) = (2, 3, 3), (a, b, c) = (− 112 , 14 , 12) and N = 12.
A0 = −12
√
3, A1 = 1, A = 24
√
3,
f0 = z(z4 + 1), f1 = z4 + 2
√
3z2 − 1, f∞ = z4 − 2
√
3z2 − 1.
f0 is of degree 5 = 12/2− 1, since ∞ ∈ s(0), that is x(∞) = 0.
Octahedral: (k0, k1, k∞) = (3, 2, 4), (a, b, c) = (− 124 , 524 , 23) and N = 24.
A0 =
1
108
, A1 = − 1108 , A =
1
27
,
f0 = z8 + 14z4 + 1, f1 = z12 − 33z8 − 33z4 + 1, f∞ = z(z4 − 1).
f∞ is of degree 5 = 24/4− 1, since ∞ ∈ s(∞), that is x(∞) =∞.
Icosahedral: (k0, k1, k∞) = (2, 2, n), (a, b, c) = (− 160 , 1160 , 23) and N = 60.
A0 = − 11728 , A1 =
1
1728
, A = − 5
1728
,
f0 = z20 − 228z15 + 494z10 + 228z5 + 1,
f1 = z30 + 522z25 − 10005z20 − 10005z10 − 522z5 + 1,
f∞ = z(z10 + 11z5 − 1)
f∞ is of degree 11 = 60/5− 1, since ∞ ∈ s(∞), that is x(∞) =∞.
1.2. The covariant function w(z) of [OY]
Now we introduce the covariant function w(z) of [OY]. If
a¯− a, b¯− b, c¯− c ∈ Z,
then the solutions of the equation E(a¯, b¯, c¯) and those of the equation E(a, b, c) are related by
the so-called contiguity relations. Let a¯, b¯ and c¯ be numbers different from a, b and c by integers.
Then the differences µ¯0, µ¯1, µ¯∞ of the local exponents of E(a¯, b¯, c¯) can be written as
µ¯0 = µ0 + p0, µ¯1 = µ1 + p1, µ¯∞ = µ∞ + p∞,
where p0, p1 and p∞ are integers such that p0+ p1+ p∞ is even. The monodromy groups of the
two equations E(a, b, c) and E(a¯, b¯, c¯) coinside.
We recall three propositions and the main theorem in [OY].
Proposition 1, [OY, Proposition 1]. If
s¯ : X 3 x 7−→ w ∈W ∼= P1
is the corresponding Schwarz map, then the composite map
s¯ ◦ s−1 : Z 3 z 7−→ w ∈W
is single-valued, and its Schwarzian derivative {w; z} is given by
−4{w; z} = −P0 A
2
A20A1
fk1−21 f
k∞−2∞
f20
− P1 A
2
A0A21
fk0−20 f
k∞−2∞
f21
+ P∞
A2
A0A1
fk0−20 f
k1−2
1
f2∞
,
where
P0 = p0(p0 + 2µ0), P1 = p1(p1 + 2µ1), P∞ = p∞(p∞ + 2µ∞).
Proposition 2, [OY, Proposition 2]. The rational function w(z) is covariant under the
monodromy group (a polyhedral group) Monod of E(a, b, c) in the following sense:
w(g(z)) = g(w(z)), g ∈ Monod ⊂ PGL2(C).
The degree of w(z) is
M =M(p) =
N
2
(|µ¯0|+ |µ¯1|+ |µ¯∞| − 1).
After performing a suitable linear fractional transformation for w(z), its derivative admits the
expression
dw
dz
=
f01∞
G2
, f01∞ = (f0)|k0p0+1|−1(f1)|k1p1+1|−1(f∞)|k∞p∞+1|−1,
where G = G(z) is a polynomial of degreeM−|kαpα+1| without multiple zeroes, where w(α) =∞
for some α ∈ {0, 1,∞}.
Remark 1, [OY, Remark 1]. The rational function w(z), regarded as a mapping w : P1 →
P1, has the property: Every critical point is an attractive fixed point.
Proposition 3, [OY, Proposition 3]. The polynomial G(z) satisfies the linear differential
equation
4G′′ = 4fG′ + hG,
where
f =
d log
dz
(f01∞), h = 2f ′ − f2 + 4{w; z}.
Here {w; z} is the rational function given in Proposition 1, and a prime stands for the derivation
with respect to z. Up to a multiplicative constant, G is the unique polynomial solution of degree
M − |kαpα + 1| if s¯ ◦ s−1 =∞ for some α ∈ {0, 1,∞}.
Theorem 1, [OY, Theorem 1]. The hypergeometric polynomial G(z) of level (p0, p1, p∞)
admits the following expression.
Tetrahedral cases:
G(z) = f1(z)λ1f∞(z)λ∞−a¯k∞F (a¯, b¯, c¯;x(z)), p0 ≥ 0,
G(z) = f1(z)λ1f∞(z)λ∞−(a¯−c¯+1)k∞F (a¯− b¯+ 1, b¯− c¯+ 1, 2− c¯;x(z)), p0 ≤ −1,
Dihedral, Octahedral and Icosahedral cases:
G(z) = f0(z)λ0−a¯k0f1(z)λ1F
(
a¯, a¯− c¯+ 1, a¯+ 1− b¯; 1
x(z)
)
, p∞ ≥ 0,
G(z) = f0(z)λ0−b¯k0f1(z)λ1F
(
b¯, b¯− c¯+ 1, b¯+ 1− a¯; 1
x(z)
)
, p∞ ≤ −1,
where (k0, k1, k∞) and x(z) are in the Table 1 in 1.1,
2a¯ = 1− 1
k0
− 1
k1
− 1
k∞
− p0 − p1 − p∞,
2b¯ = 1− 1
k0
− 1
k1
+
1
k∞
− p0 − p1 + p∞,
c¯ = 1− 1
k0
− p0,
and
λj =
|kjpj + 1| − kjpj − 1
2
=
{
0 pj ≥ 0
−kjµ¯j pj ≤ −1 , (j = 0, 1,∞).
By Theorem 1, we obtain the polynomial G(z) for each case. The degree of G(z) is given in
Proposition 2.
Remark 2. G(z) is regarded as the polynomial in t = zl (l = n, 2, 4, 5 for Dihedral, Tetrahe-
dral, Octahedral and Icosahedral cases, respectively). Because, in the cases of Dihedral, Octahe-
dral and Icosahedral, f0, f1, fk∞∞ and x in the Table 1 and (1) in section 1.1 are the polynomials
in zl (l = n, 4, 5, respectively), and in the case of Tetrahedral, fk00 , f1, f∞ and x are the func-
tions in z2. Then we can put G(z) as the polynomial Gˇ(t) in t. Note that deg Gˇ(t) is equal to
(deg G(z))/l for each case.
In all above four cases, by normalizing the rational function w(z) as
w(0) = 0, w(1) = 1, w(∞) =∞,
and using the covariancy w(1/z) = 1/w(z), we conclude that w(z) admits the expression
w(z) = zM
G(1/z)
G(z)
.
The polynomial G(z) can be characterized by the property that the derivative dw/dz of the
above expression can be factorized as
const
f01∞(z)
G(z)2
.
So we obtain the covariant function w(z) for the Gauss hypergeometric differential equation in
an explicit way.
2. The recurrent relation of the coefficients of G(z)
The coefficients of the polynomial G(z) depend on the parameters (p0, p1, p∞). By Remark
2 we can regard G(z) as a polynomial Gˇ(t) in t = zl (l = n, 2, 4, 5 for Dihedral, Tetrahedral,
Octahedral and Icosa hedral cases, respectively). So we show the recurrent relations for the coef-
ficients of Gˇ(t) in all above four cases. We use the method developed by Ochiai and Yoshida [OY].
If we put t = zl (l = n, 2, 4, 5 for Dihedral, Tetrahedral, Octahedral and Icosahedral cases,
respectively), then the equation (2) changes to
t
d2Gˇ
dt2
+
1
l
(l − 1− zf)dGˇ
dt
− 1
4l2
z2
t
hGˇ = 0. (3)
Here we have
f =
d log
dz
(f01∞)
= (|k0p0 + 1| − 1)f
′
0
f0
+ (|k1p1 + 1| − 1)f
′
1
f1
+ (|k∞p∞ + 1| − 1)f
′∞
f∞
=
1
z
r1(t),
where ′ stands for ddz and r1(t) is a rational function in t. By Proposition 1 we have {w; z} =
r2(t)/z2, then
h = 2f ′ − f2 + 4{w; z} = 1
z2
r3(t),
where r2(t) and r3(t) are two rational functions in t. So we can assert that both zf and z
2
t h are
rational functions in t.
Set
Gˇ(t) =
∑
d
gdt
d,
and substitute it in (3). Then we obtain a reccurent relation of the coefficients gd of Gˇ(t).
Method by Ochiai and Yoshida, [OY, 4 Dihedral cases]. Let p0, p1, p∞ ≥ 0. In
Dihedral cases we have (k0, k1, k∞) = (2, 2, n), N = 2n and the degree of G(z) is equal to
M − (k∞p∞ + 1) = n(p0 + p1). Now we put t = zn, we have deg Gˇ(t) = p0 + p1. Since we have
f = n
(2p0 + 2p1 + p∞)z2n + 2(p1 − p0)zn − p∞
f0f1z
,
h = −4n(1 + n(p0 + p1 + p∞))zn−2 (p0 + p1)z
n − p0 + p1
f0f1
,
the equation (2) changes into
t
d2Gˇ
dt2
+
(
1− (2p0 + 2p1 + p∞ +
1
n)t
2 + 2(p1 − p0)t− p∞ − 1n
t2 − 1
)
dGˇ
dt
+
(
p0 + p1 + p∞ +
1
n
)
(p1 + p0)t+ p1 − p0
t2 − 1 Gˇ = 0.
If we put
Gˇ(t) =
p0+p1∑
d=0
gdt
d,
the differential equation (3) is equivalent to the system
(d+ 1)
(
d+ 1− p∞ − 1n
)
gd+1 + (p1 − p0)
(
2d− p0 − p1 − p∞ − 1n
)
gd
−(d− 1− p0 − p1)
(
d− 1− p0 − p1 − p∞ − 1n
)
gd−1 = 0,
and the initial condition of the above recurrent relation is
gd = 0, if d ≤ −1.
(Note that the above recurrent relation and its initial condition imply gd = 0, if d ≥ deg Gˇ(t) +
1 = p0 + p1 + 1). So we obtain the recurrent relation of the coefficients of Gˇ(t) in the case of
p0, p1, p∞ ≥ 0 in Dihedral cases.
Similarly we obtain the reccurent relations in the other cases.
Result.
Let
εj =
pj
|pj | =
{
1, if pj ≥ 0,
−1, if pj ≤ −1.
Dihedral case:
We have
∆1 gd+1 +∆2 gd +∆3 gd−1 = 0,
where
∆1 = (d+ 1)
(
d+ 1− |p∞| − ε∞
n
)
,
∆2 = −
(
ε0 − ε1
2
+ |p0| − |p1|
)
×
(
2d− ε0 + ε1
2
+ 1− |p0| − |p1| − |p∞| − ε∞
n
)
,
∆3 = −
(
d− ε0 + ε1
2
− |p0| − |p1|
)
×
(
d− ε0 + ε1
2
− |p0| − |p1| − |p∞| − ε∞
n
)
.
By putting
p := |p0|+ |p1|+ ε0 + ε12 − 1, q := |p∞|+
ε∞
n
, r = |p1| − |p0|+ ε1 − ε02 ,
we rewrite
∆1 = (d+ 1)(d+ 1− q),
∆2 = r(2d− p− q)
∆3 = (d− p)(d− p− 1− q).
These expressions are same as the expressions of the result of Ochiai and Yoshida [OY, 4.1] that
are obtained in the restricting cases.
Note that ∆1 vanishes for d = −1, so we can start the reccurent procedure from the initial
values (g0, g−1, g−2) = (1, 0, 0). This operation works for other cases.
Tetrahedral case:
We have
T1 gd+1 + T2 gd + . . .+ T11 gd−9 = 0,
where
T1 = (d+ 1)(2d+ 2− ε0 − 2|p0|),
T2 =
√
3
(
ε1 − ε∞
3
+ |p1| − |p∞|
)
×(12d+ (6− 3ε0 − 2ε1 − 2ε∞)− 6(|p0|+ |p1|+ |p∞|)),
T3 = − 8121(d− 1)(356d− 631)
− 1
121
(97d− 42 + 11ε0 − 33ε1 − 33ε∞ + 22|p0| − 99|p1| − 99|p∞|)
×(38d+ 28− 33ε0 − 22ε1 − 22ε∞ − 66|p0| − 66|p1| − 66|p∞|)
T4 = 8
√
3
(
−ε1 − ε∞
3
− |p1|+ |p∞|
)
×(4d− 10− 3ε0 − 2ε1 − 2ε∞ − 6|p0| − 6|p1| − 6|p∞|)
T5 = − 1484(d− 3)(30323d− 43405)
+
1
968
(789d− 1795 + 308ε0 − 440ε1 − 440ε∞ + 616|p0| − 1320|p1| − 1320|p∞|)
×(247d− 477− 132ε0 − 88ε1 − 88ε∞ − 264|p0| − 264|p1| − 264|p∞|)
T6 = 78
√
3
(
−ε1 − ε∞
3
− |p1|+ |p∞|
)
×(4d− 10− 3ε0 − 2ε1 − 2ε∞ − 6|p0| − 6|p1| − 6|p∞|)
T7 = − 825281(d− 5)(60646d− 131351)
+
1
25281
(9191d− 26080− 15741ε0 − 2067ε1 − 2067ε∞ − 31482|p0| − 6201|p1|
−6201|p∞|)
×(494d− 1516− 477ε0 − 318|p1| − 318|p∞| − 954|p0| − 954|p1| − 954|p∞|)
T8 = 16
√
3
(
−ε1 − ε∞
3
− |p1|+ |p∞|
)
×(9d− 30− 12ε0 − 8ε1 − 8ε∞ − 24|p0| − 24|p1| − 24|p∞|)
T9 = −12(d− 7)(89d− 673)
−1
2
(d+ 23− 14ε08ε1 − 8ε∞ − 28|p0| − 24|p1| − 24|p∞|)
×(19d− 109− 12ε0 − 8ε1 − 8ε∞24|p0| − 24|p1| − 24|p∞|)
T10 = −
√
3
(
−ε1 − ε∞
3
− |p1|+ |p∞|
)
×(12d− 66− 15ε0 − 10ε1 − 10ε∞ − 30|p0| − 30|p1| − 30|p∞|)
T11 = (d− 6− ε0 − ε1 − ε∞ − 2|p0| − 3|p1| − 3|p∞|)
×(2d− 12− 3ε0 − 2ε1 − 2ε∞ − 6|p0| − 6|p1| − 6|p∞|)
Octahedral case:
We have
O1 gd+1 +O2 gd + . . .+O7 gd−5 = 0,
where
O1 = −(d+ 1)(4d+ 4− ε∞ − 4|p∞|)
O2 = −16d(d+ 1)
+
1
2
(8d+ 4 + 6ε0 − 9ε1 − ε∞ + 18|p0| − 18|p1| − 4|p∞|)
×(24d+ 12− 4ε06ε1 − 3ε∞ − 12|p0| − 12|p1| − 12|p∞|)
O3 = −152(d− 1)(d+ 1)
+
1
2
(12d− 4ε0 − 6ε1 − 3ε∞ − 12|p0| − 12|p1| − 12|p∞|)
×(342d− 202ε0 − 159ε1 + 19ε∞ − 606|p0| − 318|p1|+ 76|p∞|)
O4 =
(
−34ε0 + 213ε1 − 247ε∞
2
− 51|p0| − 213|p1|+ 494|p∞|
)
×(8d− 4− 4ε0 − 6ε1 − 3ε∞ − 12|p0| − 12|p1| − 12|p∞|)
O5 = 38(d− 3)(d+ 1)
−(323d− 323− 102ε0 − 297ε1 − 247ε∞ − 306|p0| − 594|p1| − 988|p∞|)
×(6d− 6− 4ε0 − 6ε1 − 3ε∞ − 12|p0| − 12|p1| − 12|p∞|)
O6 =
16
25
(d− 4)(d+ 1)
− 1
50
(168d− 252− 310ε0 − 15ε1 − 95ε∞ − 930|p0| − 30|p1| − 380|p∞|)
×(24d− 36− 20ε0 − 30ε1 − 15ε∞ − 60|p0| − 60|p1| − 60|p∞|)
O7 =
(
d− 4 + 2ε0 + 3ε1 + ε∞
2
− 3|p0| − 3|p1| − 2|p∞|
)
×(4d− 8− 4ε0 − 6ε1 − 3ε∞ − 12|p0| − 12|p1| − 12|p∞|)
Icosahedral case:
We have
I1 gd+1 + I2 gd + . . .+ I13 gd−11 = 0,
where
I1 = −(d+ 1)(5d+ 5− ε∞ − 5|p∞|),
I2 = −275d(d+ 1)
+3(10d+ 5 + 8ε0 − 12ε1 − ε∞ + 24|p0| − 24|p1| − 5|p∞|)
×(60d+ 30− 10ε0 − 15ε1 − 6ε∞ − 30|p0| − 30|p1| − 30|p∞|),
I3 = −51350(d− 1)(d+ 1)
+(22594d− 12558ε0 − 10917ε1 + 881ε∞ − 37674|p0| − 21834|p1|+ 4405|p∞|)
×(30d− 10ε0 − 15ε1 − 6ε∞ − 30ε0 − 30|p1| − 30|p∞|),
I4 = −276675(d− 2)(d+ 1)
+5(59024d− 29512− 45462ε0120249ε1 + 77175ε∞ − 136386|p0| − 240498|p1|
+385875|p∞|)
×(20d− 10− 10ε0 − 15ε1 − 6ε∞ − 30|p0| − 30|p1| − 30|p∞|),
I5 = 3807650(d− 3)(d+ 1)
−35(228459d− 228459− 51154ε0 − 184443ε1 − 221321ε∞ − 153462|p0|
−368886|p1| − 1106605|p∞|)
×(15d− 15− 10ε0 − 15ε1 − 6ε∞ − 30|p0| − 30|p1| − 30|p∞|),
I6 = 6392638(d− 4)(d+ 1)
−2(11872042d− 17808063− 13474240ε0 − 7686060ε1 − 8519805ε∞ − 40422720|p0|
−15372120|p1| − 42599025|p∞|)
×(12d− 18− 10ε0 − 15ε1 − 6ε∞ − 30|p0| − 30|p1| − 30|p∞|),
I7 = (−12610042ε0 + 10193313ε1 + 2416729ε∞ − 37830126|p0|+ 20386626|p1|
+12083645|p∞|)
×(10d− 20− 10ε0 − 15ε1 − 6ε∞ − 30|p0| − 30|p1| − 30|p∞|),
I8 = 3261550(d− 6)(d+ 1)
−6(782772d− 1956930− 623774ε0 − 1770681ε1 − 345247ε∞ − 1871322|p0|
−3541362|p1| − 1726235|p∞|)
×(60d− 150− 70ε0 − 105ε1 − 42ε∞ − 210|p0| − 210|p1| − 210|p∞|),
I9 = −19038252 (d− 7)(d+ 1)
+
35
2
(446039d− 1338117− 768012ε0 − 936594ε1 − 79550ε∞ − 2304036|p0|
−1873188|p1| − 397750|p∞|)
×(15d− 45− 20ε0 − 30ε1 − 12ε∞ − 60|p0| − 60|p1| − 60|p∞|),
I10 = −922253 (d− 8)(d+ 1)
+
5
3
(169694d− 593929− 195624ε0 − 137268ε1 − 430731ε∞ − 586872|p0|
−274536|p1| − 2153655|p∞|)
×(20d− 70− 30ε0 − 45ε1 − 18ε∞ − 90|p0| − 90|p1| − 90|p∞|),
I11 = 2054(d− 9)(d+ 1)
−(104754d− 419016− 142610ε0 − 253515ε1 − 127645ε∞ − 427830|p0|
−507030|p1| − 638225|p∞|)
×(6d− 24− 10ε0 − 15ε1 − 6ε∞ − 30|p0| − 30|p1| − 30|p∞|),
I12 = −2511(d− 10)(d+ 1)
+
1
11
(280d− 1260− 814ε0 − 429ε1 − 297ε∞ − 2442|p0| − 858|p1| − 1485|p∞|)
×(60d− 270− 110ε0 − 165ε1 − 66ε∞ − 330|p0| − 330|p1| − 330|p∞|),
I13 = (−5− 2ε0 − 3ε1 − ε∞ − 6|p0| − 6|p1| − 5|p∞|)
(5d− 25− 10ε0 − 15ε1 − 6ε∞ − 30|p0| − 30|p1| − 30|p∞|).
3. Julia sets
In this section we show several explicit forms of G(z) and w(z) and some Julia sets for these
w(z). Here we used the method of Ochiai-Yoshida exposed in Theorem 1 [OY] to obtain the
former result.
3.1. Contiguous cases
We study the contiguous cases. For (a¯, b¯, c¯) = (a+ na, b+ nb, c+ nc), we have (p0, p1, p∞) =
(−nc,−na − nb + nc,−na + nb), where na, nb and nc ∈ Z.
Let us observe the Dihedral case (a, b, c) =
(−1− 12n ,−12 − 12n ,− 1n). In the case (a¯, b¯, c¯) =
(a− 1, b, c), i.e. (p0, p1, p∞) = (0, 1, 1), according to Theorem 1 we have
G(z) = (1 + zn)2+
1
nF
(
−1− 1
2n
,−1
2
− 1
2n
,− 1
n
,
4zn
(1 + zn)2
)
.
By putting t = zn we rewrite it
G(z) = Gˇ(t) = (1 + t)2+
1
nF
(
−1− 1
2n
,−1
2
− 1
2n
,− 1
n
,
4t
(1 + t)2
)
.
We have Taylor expansions:
(1 + t)2+
1
n =
∞∑
d=0
(
2 + 1n
d
)
td = 1 +
(
2 +
1
n
)
t+
(
1 +
1
n
)(
1 +
1
2n
)
t2 + · · · ,
F
(
−1− 1
2n
,−1
2
− 1
2n
,− 1
n
,
4t
(1 + t)2
)
= 1−
(
1
n
+ 3 + 2n
)
t+
(
1
2n2
+
7
2n
+ 7 + 4n
)
t2 + · · · .
Then
Gˇ(t) = (1 + t)2+
1
nF
(
−1− 1
2n
,−1
2
− 1
2n
,− 1
n
,
4t
(1 + t)2
)
= 1− (1 + 2n) t+ · · · .
By Proposition 2 we have
deg G(z) =
N
2
(|µ¯0|+ |µ¯1|+ |µ¯∞| − 1)− |k∞p∞ + 1|
=
2n
2
(
1
2
+
3
2
+
(
1
n
+ 1
)
− 1
)
− (n+ 1)
= n.
Hence we have deg Gˇ(t) = 1. So we obtain
Gˇ(t) = 1− (2n+ 1) t, (i.e. G(z) = 1− (2n+ 1)zn).
By the same method we determine the explicit form of G(z) and w(z) for all contiguous cases,
i.e. |a¯− a|+ |b¯− b|+ |c¯− c| = 1.
Table 3.
(1) The case of (a¯, b¯, c¯) = (a+ 1, b, c), i.e. (p0, p1, p∞) = (0,−1,−1):
Dihedral:
The cases of n = 2, 3, 4, . . .,
G(z) = 1, w(z) = zn−1.
Tetrahedral:
G(z) = 1 + 5z4, w(z) =
z(5 + z4)
1 + 5z4
.
Octahedral:
G(z) = 1 + 7z4, w(z) =
z3(7 + z4)
1 + 7z4
.
Icosahedral:
G(z) = 1 + 171z5 + 247z10 − 57z15,
w(z) = −z
4(57− 247z5 + 171z10 + z15)
1 + 171z5 + 247z10 − 57z15 .
(2) The case of (a¯, b¯, c¯) = (a− 1, b, c), i.e. (p0, p1, p∞) = (0, 1, 1):
Dihedral:
G(z) = 1− 5z2, w(z) = −z
3(5− z2)
1− 5z2 , if n = 2,
G(z) = 1− 7z3, w(z) = −z
4(7− z3)
1− 7z3 , if n = 3,
G(z) = 1− 9z4, w(z) = −z
5(9− z4)
1− 9z4 , if n = 4,
G(z) = 1− (2n0 + 1)zn0 , w(z) = −z
n0+1(2n0 + 1− zn0)
1− (2n0 + 1)zn0 , if n = n0.
Tetrahedral:
G(z) = 1 + 39z4 − 195
7
z8 − 13
7
z12, w(z) = −z(13 + 195z
4 − 273z8 − 7z12)
7 + 273z4 − 195z8 − 13z12 .
Octahedral:
G(z) = 1− 275z4 + 1650z8 + 850z12 + 2125z16 − 255z20,
w(z) = −z
5(255− 2125z4 − 850z8 − 1650z12 + 275z16 − z20)
1− 275z4 + 1650z8 + 850z12 + 2125z16 − 255z20 .
Icosahedral:
G(z) = 1− 5307z5 + 459940z10 + 4864750z15 + 161969640z20 − 262119806z25
+769212562z30 + 317827080z35 + 138742975z40 − 5989895z45 + 585234z50
+5002z55,
w(z) = z6(5002 + 585234z5 − 5989895z10 + 138742975z15 + 317827080z20
+769212562z25 − 262119806z30 + 161969640z35 + 4864750z40 + 459940z45
−5307z50 + z55)/
(1− 5307z5 + 459940z10 + 4864750z15 + 161969640z20 − 262119806z25
+769212562z30 + 317827080z35 + 138742975z40 − 5989895z45 + 585234z50
+5002z55).
(3) The case of (a¯, b¯, c¯) = (a, b+ 1, c), i.e. (p0, p1, p∞) = (0,−1, 1):
Dihedral:
The cases of n = 2, 3, 4, . . .,
G(z) = 1, w(z) = zn+1.
Tetrahedral:
G(z) = 1− 6
√
3z2 + 12z4 + 2
√
3z6 + 3z8,
w(z) =
z
(
3 + 2
√
3z2 + 12z4 − 6√3z6 + z8)
1− 6√3z2 + 12z4 + 2√3z6 + 3z8 .
Octahedral:
G(z) = 1− 26z4 − 39z8, w(z) = −z
5(39 + 26z4 − z8)
1− 26z4 − 39z8 .
Icosahedral:
G(z) = 1− 465z5 − 10385z10 − 2945z15 − 8370z20 + 682z25,
w(z) =
z6(682− 8370z5 − 2945z10 − 10385z15 − 465z20 + z25)
1− 465z5 − 10385z10 − 2945z15 − 8370z20 + 682z25 .
(4) The case of (a¯, b¯, c¯) = (a, b− 1, c), i.e. (p0, p1, p∞) = (0, 1,−1):
Dihedral:
G(z) = 1 + 3z2, w(z) =
z(3 + z2)
1 + 3z2
, if n = 2,
G(z) = 1 + 5z3, w(z) =
z2(5 + z3)
1 + 5z3
, if n = 3,
G(z) = 1 + 7z4, w(z) =
z3(7 + z4)
1 + 7z4
, if n = 4,
G(z) = 1 + (2n0 − 1)zn0 , w(z) = z
n0−1(2n0 − 1 + zn0)
1 + (2n0 − 1)zn0 , if n = n0.
Tetrahedral:
G(z) = 1 + 6
√
3z2 + 12z4 − 2
√
3z6 + 3z8,
w(z) =
z
(
3− 2√3z2 + 12z4 + 6√3z6 + z8)
1 + 6
√
3z2 + 12z4 − 2√3z63z8 .
Octahedral:
G(z) = 1 + 190z4 − 912z8 + 418z12 − 209z16,
w(z) = −z
3(209− 418z4 + 912z8 − 190z12 − z16)
1 + 190z4 − 912z8 + 418z12 − 209z16 .
Icosahedral:
G(z) = 1 + 3969z5 − 289100z10 + 1279194z15 − 24880926z20 + 55862352z25
+20047468z30 + 3818430z35 + 160573z40 + 4263z45,
w(z) = z4(4263 + 160573z5 + 3818430z10 + 20047468z15 + 55862352z20
−24880926z25 + 1279194z30 − 289100z35 + 3969z40 + z45)/
(1 + 3969z5 − 289100z10 + 1279194z15 − 24880926z20 + 55862352z25
+20047468z30 + 3818430z35 + 160573z40 + 4263z45).
(5) The case of (a¯, b¯, c¯) = (a, b, c+ 1), i.e. (p0, p1, p∞) = (−1, 1, 0):
Dihedral:
G(z) = 1 + 3z2, w(z) =
z(3 + z2)
1 + 3z2
, if n = 2,
G(z) = 1 + 2z3, w(z) =
z(2 + z3)
1 + 2z3
, if n = 3,
G(z) = 1 +
5
3
z4, w(z) =
z(5 + 3z4)
3 + 5z4
, if n = 4,
G(z) = 1 +
n0 + 1
n0 − 1z
n0 , w(z) =
z ((n0 + 1) + (n0 − 1)zn0)
n0 − 1 + (n0 + 1)zn0 , if n = n0.
Tetrahedral:
G(z) = 1 + 7
√
3z2 − 7z4 + 7
√
3z6,
w(z) =
z
(
7
√
3− 7z2 + 7√3z4 + z6)
1 + 7
√
3z2 − 7z4 + 7√3z6 .
Octahedral:
G(z) = 1 + 34z4 + 204z8 +
170
11
z12 +
17
11
z16,
w(z) =
z(17 + 170z4 + 2244z8 + 374z12 + 11z16)
11 + 374z4 + 2244z8 + 170z12 + 17z16
.
Icosahedral:
G(z) = 1 + 492z5 + 53956z10 + 209592z15 + 141450z20 − 255348z25
+
1513556
29
z30 − 7872
29
z35 +
41
29
z40,
w(z) = z(41− 7872z5 + 1513556z10 − 7405092z15 + 4102050z20 + 6078168z25
+1564724z30 + 14268z35 + 29z40)/
(29 + 14268z5 + 1564724z10 + 6078168z15 + 4102050z20 − 7405092z25
+1513556z30 − 7872z35 + 41z40).
(6) The case of (a¯, b¯, c¯) = (a, b, c− 1), i.e. (p0, p1, p∞) = (1,−1, 0):
Dihedral:
G(z) = 1− 3z2, w(z) = 3− z
2
1− 3z2 , if n = 2,
G(z) = 1− 2z3, w(z) = 2− z
3
1− 2z3 , if n = 3,
G(z) = 1− 5
3
z4, w(z) =
5− 3z4
3− 5z4 , if n = 4,
G(z) = 1− n0 + 1
n0 − 1z
n0 , w(z) = −(n0 + 1)− (n0 − 1)z
n0
n0 − 1− (n0 + 1)zn0 , if n = n0.
Tetrahedral:
G(z) = 1− 3
√
3z2 + 9z4 + 5
√
3z6,
w(z) =
z3
(
6
√
3 + 9z2 − 3√3z4 + z6)
1− 3√3z2 + 9z4 + 5√3z6 .
Octahedral:
G(z) = 1− 39z4 − 195
7
z8 +
13
7
z12,
w(z) =
z(13− 195z4 − 273z8 + 7z12)
7− 273z4 − 195z8 + 13z12 .
Icosahedral:
G(z) = 1− 558z5 − 9765z10 + 1860z15 − 209715
19
z20 +
7998
19
z25 +
31
19
z30,
w(z) =
z(31 + 7998z5 − 209715z10 + 35340z15 − 185535z20 − 10602z25 + 19z30)
19− 10602z5 − 185535z10 + 35340z15 − 209715z20 + 7998z25 + 31z30 .
3.2. Julia sets
Now we show the Julia sets of the covariant functions in previous subsection.
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Figure 1. Dihedral (n = 3) case in 3.1 (2)
w(z) = −z
4(7− z3)
1− 7z3
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Figure 2. Dihedral (n = 8) case in 3.1 (2)
w(z) = −z
9(17− z8)
1− 17z8
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Figure 3. Octahedral case in 3.1 (3)
w(z) = −z
5(39 + 26z4 − z8)
1− 26z4 − 39z8
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Figure 4. Icosahedral case in 3.1 (3)
w(z) =
z6(682− 8370z5 − 2945z10 − 10385z15 − 465z20 + z25)
1− 465z5 − 10385z10 − 2945z15 − 8370z20 + 682z25
Reference
[OY] Hiroyuki Ochiai and Masaaki Yoshida, Polynomials associated with the hypergeometric
functions with finite monodromy groups, in preparations, 2003
[IKSY] Katsunori Iwasaki, Hironobu Kimura, Shun Shimomura and Masaaki Yoshida, From
Gauss to Painleve´: A Modern Theory of Special Functions, Vieweg, Aspects of mathematics:
E; Vol. 16, 1991
[STW] Hironori Shiga, Toru Tsutsui and Ju¨rgen Wolfart, Triangle Fuchsian defferential
equations with apparent singularities, Osaka J. of Math., vol. 41, No.3, 2004
Technical Reports of Mathematical Sciences
Chiba University, vol. 21 (2005)
[1] A three terms Arithmetic-Geometric mean, by K. Koike and H. Shiga.
[2] Isogeny formulas for Picard modular forms and a three terms AGM, by K. Koike and H.
Shiga.
[3] Iteration of the covariant function for Gauss hypergeometric differential equation, by Y.
Tanaka.
Correspondences concerning these Technical Reports should be addressed to
Koji Nishida
Graduate School of Science and Technology
Chiba University
Yayoi-cho 1-33, Inage-ku, Chiba-shi, 263-8522 JAPAN.
e-mail: nishida@math.s.chiba-u.ac.jp
